Abstract. For every positive integer n, the infinite family of positive integral solutions of the diophantine equation x n − y n = z n+1 is constructed.
In a recent paper, M. J. Karama [1] studied the diophantine equation x 2 − y 2 = z 3 , and conjectured that the diophantine equation x 3 − y 3 = z 4 has no solution in positive integers. A standard reference for diophantine equations is the book by Mordell [3] , but this very interesting equation is not discussed there.
We shall prove that, for every positive integer n, the diophantine equation x n − y n = z n+1 has infinitely many positive integral solutions.
Powerful triples
The triple (a, b, c) of positive integers is called n-powerful if a > b and c n+1 divides a n − b n . Define the function (1) t n (a, b, c) = a n − b n c n+1 . The triple (a, b, c) of positive integers is n-powerful if and only if t n (a, b, c) is a positive integer. The triple (a, b, c) is relatively prime if gcd(a, b, c) = 1, where gcd is the greatest common divisor. Theorem 1. Let n be a positive integer. If (a, b, c) is an n-powerful triple with t = t n (a, b, c), then the triple of positive integers
is a solution of the diophantine equation
Moreover, there is a one-to-one correspondence between positive integral solutions of (3) and relatively prime n-powerful triples.
For example, if a and b are positive integers with a > b, then the triple (a, b, 1) is n-powerful with t = t n (a, b, 1) = a n − b n , and so
is a positive integral solution of (3). Moreover, if and only if a = a 1 and b = b 1 . It follows that, for every n, the diophantine equation (3) has infinitely many solutions.
Different n-powerful triples (a, b, c) can generate identical solutions to (3). For example, for every positive integer n, the triple (8, 4, 2) is n-powerful with t = 2 2n−1 − 2 n−1 , and produces the solution
of the diophantine equation (3) . The triple (4, 2, 1) is also n-powerful with t = 2 2n − 2 n , and produces exactly the same solution of (3).
Proof. Let (a, b, c) be an n-powerful triple with t = t n (a, b, c). Defining (x, y, z)
by (2), we obtain
Thus, (x, y, z) solves (3). Let (a, b, c) be an n-powerful triple with t = t n (a, b, c), and let d be a common divisor of a, b, and c. The relatively prime triple (a/d, b/d, c/d) is n-powerful because
is a positive integer. The solution of equation (3) constructed from (a, b, c) .
If (x, y, z) is a positive integral solution of the diophantine equation (3), then (x, y, z) is an n-powerful triple with t n (x, y, z) = 1. Let d = gcd(x, y, z), and define (a, b, c) = (x/d, y/d, z/d). It follows that (a, b, c) is an n-powerful triple with t n (a, b, c) = dt n (x, y, z) = d, and that (x, y, z) is the solution of (3) produced by (a, b, c) . Thus, every positive integral solution of (3) can be constructed from a relatively prime n-powerful triple.
Let (x, y, z) be a positive integral solution of (3), and let (a, b, c) and (a 1 , b 1 , c 1 ) be relatively prime n-powerful triples that produce (x, y, z). We must prove that (a, b, c) = (a 1 , b 1 , c 1 ) . Table 1 . Solutions of x 3 − y 3 = z 4 for x ≤ 5000 with the associated relatively prime 3-powerful triples (a, b, c) and t 3 = t 3 (a, b, c ). An asterisk (*) indicates a solution with c > 1.
